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Introduction 

The Harish-Chandra c-function and its profound role in harmonic analysis is 
well known to every one who has had any connections to harmonic analysis on Ric- 
mannian symmetric spaces. The c-function shows up in a most natural way either 
as the coefficient of the leading term in the asymptotic expansion of the spherical 
function; as the density of the Plancherel measure; or finally as the eigenvalue of the 
Knapp-Stein intertwining operator acting on the one-dimensional space of if-fixed 
vectors in a principal scries representation. All of those different roles are related, 
but each one of them explain different aspects of this jewel. The detailed knowl- 
edge of the c-function is given by the Gindikin-Karpelevic product formula (cf. [5]) 
and the explicit representation of the c-function on rank one spaces in terms of 
T- functions. 

The situation for non-Riemannian semisimple symmetric spaces G/H is quite 
different and much more involved. There are several reason for this, the most 
obvious one being, that in general the Hilbert space TL of an irreducible unitary 
representation tt of G does in general not have a nontrivial H- fixed vector. This 
facts leads us into the study of iJ-invariant distribution vectors, i.e., understanding 
the space (H~°°) H . This space is finite dimensional, but in general the dimension 
is greater than one. The action of an intertwining operator is therefore not given by 
a scalar valued function but by a matrix. However, there is an important class of 
symmetric spaces where the notion of spherical function and the c-function shows 
up naturally. Those are the non-compactly causal symmetric spaces. A simple 
characterization is in terms of an ii-invariant open convex cone C consisting of 
hyperbolic elements and diffeomorphic to an open H- invariant subset in G/H. This 
should be understood as a replacement for the Cartan decomposition G/K ~ p for 
Riemannian symmetric spaces. The cone C is the domain where the spherical 
functions ip\ on G/H are supported. The asymptotic behavior of those functions 
is again given by a c-function, which - again analogous to the Riemannian case - 
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can be represented as an integral over a unipotent group N. The new complication 
is, that the integral is now not over the full group N, but only over subset given by 
TV n H P m j n where P m ; n is certain minimal parabolic subgroup. The understanding 
of this domain of integration is the first step in understanding the c-function and 
to generalize the Gindikin-Karpelevic product formula to this setting. 

In this overview article several aspects of the c-function and its role in harmonic 
analysis and representation theory are discussed. Generally we do not go into any 
details of the proofs, but try instead to explain the ideas by our main example 
Sl(n, M)/SO(p, q) and include references where detailed proofs can be found. We 
also include references to articles which have provided important particular steps 
or introduced new ideas and tools, although we have to point out that this list is 
in no way complete and should not be taken as such. 

In the first three sections we introduce the minimal amount necessary for un- 
derstanding the fine structure of N fl HP miri that leads up to the product formula. 
We start by introducing the category of non-compactly causal symmetric spaces, 
but the most important part is the convex structure of the real bounded symmetric 
space ~ H/H n K. 

The integral representation for the c-function is introduced in Section 4. As an 
example we give an explicit calculation for the simplest rank-one case 
Sl(2, R) / SO Q (l, 1). The result is that the c-function is given by a Beta- function. For 
the general rank-one non-compactly causal symmetric spaces S0 o (n+l, 1)/ S0 o (n, 1) 
the formula is c(A) = nB(n/2, 1 — (A + n)/2) where k is a positive constant depend- 
ing on the normalization of measures. We finish the section by the general product 
formula. Several important articles leading up to the final proof in [16] include the 
important special case of Cay ley type symmetric spaces worked out by J. Faraut 
in [2] and the work by P. Graczyk [6] where the c-function for our main example 
Sl(n, K)/SO(p, q) was calculated. 

The second half of the article is devoted to the role of the c-function in harmonic 
analysis and representation theory. We start by discussing the spherical functions 
ipx and their asymptotics. We conclude Section 5 by the Harish-Chandra type 
expansion formula for the spherical function where the coefficients are now given 
by the c-function for G/H. Finally we mention in Theorem 5.10 how the the 
numerator of the c-function gives information about the singularities of tp\ in the 
spectral parameter. 

We discuss the iJ-spherical highest weight representations of the c-dual group 
G c in Section 6. Those representations play an important role in harmonic analysis 
on G c /H but here we focus on the space of ii-spherical distribution vectors. The 
main result is stated in Theorem 6.5, the Averaging Theorem. Let (tt\,H\) be 
a unitary iJ-spherical highest weight representation. We fix a normalized highest 
weight vector v\ G Ti\. Then for "big" parameters we have that f H ir\(h)v\dh 
exists and equals to c(X + p)v where v is iJ-spherical and normalized by (u, v\) = 1. 
This results leads then to an explicit formula involving c-function for the formal 
dimension. 

Section 5 and 6 are finally connected in Section 7 where we introduce the H- 
spherical distribution 6\(f) = f \— ► (ir\(f)v 7 v). It turns out that this distribution 
is in fact determined by the spherical function and the c-function by representing 
9\ as a hyperfunction. As such we have 6\ = c(A + p)~ 1 ip\ +p . 
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1. Causal symmetric spaces 

In this section we recall some basic facts and definitions that will be needed 
later on. Our standard reference for the theory of causal symmetric spaces is is the 
monograph [10], in particular chapter 3. 

Let G be a connected semisimple Lie group with finite center and g its Lie 
algebra. If a is an automorphism of G, then a will also denote the derived auto- 
morphism da(l) of g (and the complex linear extension to gc — ®R C) and vice 
versa. Let 9 be a Cartan involution on G and let K = G e = {g e G : 9(g) = g} be 
the corresponding maximal compact subgroup. On the Lie algebra level 9 induces 
the Cartan decomposition g = 6 + p where 6 = {X e g : 9(X) = X} is the Lie 
algebra of K and p = {X e g : 9(X) = —X} is the (-l)-eigenspace of 9. Let r be 
a non-trivial involution on g. We can and will assume that r commutes with 9. 
Write g = f) + q for the r-eigenspace decomposition according to the eigenvalues 
+1 and —1. As 9 and r commutes we get the joint eigenspace decomposition 

q = t n q + 1 n i) + p n q + p n d . 

Let H be an open subgroup of G T with G T the r-fixcd points of G. Then G/H is 
called an affine symmetric space or simply a symmetric space. Notice that the Lie 
algebra of H is \). 

In this article we will always assume that G is contained in the connected 
simply connected Lie group Gc with Lie algebra Qc- Furthermore we will assume 
that H = G T . Those two assumptions simplify some arguments and our notation, 
but all the main results remain valid for the general case. Note in particular that 
every homomorphism a of gc corresponds to a homomorphism of Gc as Gc is 
simply connected. 

The symmetric pair (g, f)) is called irreducible if the only r-invariant ideals 
in g are the trivial ones, {0} and g. We say that the symmetric space G/H is 
irreducible if (g, ()) is irreducible. If (g, fj) is irreducible, then either g is simple or 
g ~ \) © f), with 1) simple, and t(X, Y) = (Y, X). In the second case we have that 
G/H 3 (a,b)H i ► ab^ 1 e H defines an isomorphism of G/H onto H. From now 
on we will always assume that G/H is irreducible. 

Definition 1.1. Let C ^ be an open convex subset of q. Then C is called 
hyperbolic, if for all X G C the operator &d(X) is semisimple with real eigenvalues. 
We say that C is elliptic, if for all X e G the operator ad(X) is semisimple with 
imaginary spectrum. 

Definition 1.2. (Causal symmetric spaces) Suppose that G/H is irre- 
ducible. Then G/H is said to be causal if there exists a non-empty open iJ-invariant 
convex cone G C q, containing no affine lines. 

There are two different types of causal symmetric spaces, the non-compactly 
causal symmetric spaces (NCC) and the compactly causal symmetric spaces (CC). 
In addition, there is the intersection of those two classes, the Cayley type symmetric 
spaces (CT). 

Definition 1.3. (NCC) Assume that G/H is an irreducible causal symmetric 
space. Then the following two condirtions are equivalent: 

1. There exists a non-empty H- invariant open hyperbolic cone G C q which 
contains no affine lines; 

2. There exists an element T £ q n p, T ^= 0, which is fixed by H n K. 
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If one of those equivalent conditions are satisfied, then G/H is called non- compactly 
causal. 

Definition 1.4. (CC) Assume that G/H is an irreducible causal symmetric 
space. Then the following two conditions are equivalent: 

1. There exists a non-empty H- invariant open elliptic cone C C q which con- 
tains no affine lines; 

2. There exists an element Xq € q n 6, Xo ^ 0, which is fixed by H n K. 

If one of those equivalent conditions are satisfied, then G/H is called compactly 
causal. 

Definition 1.5. (CT) Assume that G/H is an irreducible causal symmetric 
space. Then G/H is called a symmetric space of Cayley type, if it is both non- 
compactly causal and compactly causal. 

Remark 1.6. (a) The elements To and Xq in Definition 1.3 and Definition 
1.4 are unique up to multiplication by scalar. If G/H is NCC then we can, and 
will, normalize T such that ad(T ) has spectrum {0, 1, —1}. The eigenspace corre- 
sponding to is exactly q 9t = f)nt + pnq. If G/H is CC, then we normalize X 
such that the spectrum of a,d(iX ) is {0, 1, —1}. In this case the zero eigenspace is 
exactly 6. 

(b) If G/H is compactly causal, then 6 has a non trivial center 3 (J) and 3(6) n q = 
RX . If G is simple then 3(6) = RX . If g ~ f) © f). Then X = (A , -xfi with A 
central in f) n « and 3(6) = RA © R(X ,X ). 

Denote the complex linear extension of r to 0c by r. The c-dual (0 c ,t c ) of 
(fl, t) is defined by C = f) zq C C with involution r| g c Notice that the c-dual 
of (0 c ,r c ) is (fl, t). Let G c denote the analytic subgroup of Gc with Lie algebra 
C . As we are assuming that Gc is simply connected and H = G T it follows that 
G n G c = H. Hence G c /H is well defined. The space G c /H is called the c-dual of 
G/H. 

We recall the following fact: 

Proposition 1.7. Assume that G/H is an irreducible symmetric space. Then 
the following holds: 

1. G/H is non-compactly causal if and only if G c / H is compactly causal. 

2. G/H is of Cayley type if and only if G/H ~ G c /H. 

3. Suppose that G/H is causal. Then G/H is of Cayley type if and only if H 
is not simple. In that case 3(f)) is one dimensional and contained in p. 

□ 

Example 1.8. (The group case) Let H be a connected semisimplc Lie group, 
G = H x H, and r(a, b) = (b, a). Then G/H ~ H is compactly causal if and only if 
H is a Hermitian group. In this case Gc = He x 7?c and G c /H ~ Hc/H (cf. [10, 
Example 1.2.2]). 

We now come to our main example which will accompany us through the whole 
article. 

Example 1.9. (Main example) Let G = Sl(n,R). Then G c = Sl(n,C) is 
simply connected. We take the standard Cartan involution g 9(g) = (g^ 1 )* 
for g g G. Then if = SO(n, R). Let 1 < p < n and set q = n — p. Define an 
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n x n-matrix I p , q by 



Then 



•-qxq 



Ip,qQ{g)Ip,q 



defines an involution on G commuting with 9. We take H = G T = SO(p, q). Notice 
that 



H n K = S{0{p) x 0{q)) . 



We have 



qnp= i(J J) :AeM(p,R), BeM(q,R); A 1 = A, B l = U. \r[A) -U:[B) 



Furthermore the element 



(1.1) 



T 1 ( gipxp 

n \ -pl qxq 



is in qflp and To is H n if-fixed. According to Definition 1.3 the symmetric spaces 
G/tf = Sl(n,M)/SO(p,g) arc NCC for all 1 < p < n. The dual space is readily 
computed to be 

G c /H = S\J(p,q)/SO(p,q) . 
We will continue the discussion of this example in the sequel. 

For the convenience to the reader we list here the three tables of causal sym- 
metric pairs (cf. [10, Th. 3.2.8]). 

Table I 
The group case 






C 


f) 


cc 


NCC 




Sll(p, q) 8 su(p, q) 


s[(p + g,C) 


su(p, q) 


so*(2n) ©so*(2n) 


so(2n,C) 


so*(2n) 


so(2,n) so(2,n) 


so(n + 2,C) 


so(2,ra) 


sp(n,R) sp(ra,R) 


sp(n, C) 


sp(n,R) 


e 6 (_i4) © e 6 (_i4) 


e 6 


e 6(-14) 


*7(-25) © «7(-25) 


e7 


*7(-25) 



Table II 
q simple and not CT 
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b 


cc 


NCC 




su(p, q) 


s[(p + g,M) 


so(p, g) 


su*(2p, 2q) 


su*(2(p + g) 


Sp(p, q) 


S0*(2n) 


So(n, n) 


so(n, C) 


so{2,n) 


so(l,n+ 1) 


so(l, n) 


So(2,p + q) 


so(p + 1, g + 1) 


so{\,p)®so{\,q) ,p,q>2 


Sp(2n,R) 


sp(n,K) 


sp(n, C) 


e 6(-14) 


e 6(6) 


sp(2,2) 


«6(-14) 


*6(-26) 


f4(-20) 


*7(-25) 


(7(7) 


SU*(8) 



Table III 
g simple and CT 






fl C - 




sp(n,M) 


sp(n,R) 


fl[(n,R) 


su(n, n) 


su(n, n) 


s[(n,C)$l 


so*(4n) 


so*(4n) 


su*(2n)®M 


so(2, n) 


so(2, n) 


so(l,n- 1)81 


«7(-25) 


«7(-25) 


e 6 (-26) 



2. Bounded symmetric domains 

In this section we discuss the relation between causal symmetric spaces and 
totally real symmetric subdomains of bounded complex symmetric domains. The 
c-function, that we discuss later, turns out to be an integral over those domains. We 
begin by recalling some elementary structure theory for causal symmetric spaces 
and introduce some notation that will be used later on. 

From now on G/H will denote a NCC symmetric space. Let a C p n q be a 
maximal abelian subspace. Note that NCC implies that a is also maximal abelian 
in p and in q. Let m = 3t(a). As o is maximal abelian in q and p it follows 
that m = 3f,(o). For a e a* let Q a = {X e Q : (V# e o) [H,X] = a(H)X} and let 
A = {aea*:§ a ^ {0}} \ {0} denote the set of restricted roots with respect to o. 
Then we have the root space decomposition 

= a m g Q 

associated to A. 

Recall the Hf]K- fixed element To € qHp, and notice that To € a no matter what 
our choice of a C q n p will be (cf. [10, Lemma 1.3.5]). As Spec(adT ) = {-1,0,1} 
we obtain a triangular decomposition 



(2.1) 



A = A-I1A HA+ 
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with A± = {a e A: a(T ) = ±1} and A = {a G A: a(T ) = 0}. Using (2.1) wc 
obtain a triangular decomposition of g 

(2.2) = n" © g(0) © n+ 
with 

»-= 0g a , n+=0g" and fl (0) = a © m g a = t) n t + q n p . 

Notice that 3(fl(0)) = RT (cf. [10, Lemma 1.3.5]). Denote by N+ respectively 
N~ the analytic subgroup of G corresponding to the Lie algebra n + respectively 
n~. Then both N + and N~ are simply connected abelian Lie groups. Let G(0) = 
Zq(To). Then the Lie algebra of G(0) is fl(0). By our assumption that G is 
contained in a simply connected group Gc and H = G T we get G(0) = (H C\ 
K) exp(p n q) = G n -fQ. Notice that by the same argument we also have M :— 
Z K (a) = Z HnK (a) C iJ n K. Finally we set P max = G(0)N+. Then P max is a 
maximal parabolic subgroup of G. 

Recall the Hermitian c-dual g c = f) + «q of g. Then t c = (f) n 6) + i(q n p) 
is a maximal compact subalgebra of g c . Notice that fi c and g(0) have the same 
complcxification. Let p+ := (n + )c be the complcxification of n + , and similarily 
p~ := (n _ )c- Thus complexifying (2.2) yields 

(2.3) flc=p-©(nc©P + , 

the familiar Harish-Chandra decomposition of gc associated to its Hermitian real 
form g c . 

Write a: gc ^ gc for the complex conjugation of gc with respect to the real 
form g. Notice that a leaves the decomposition (2.3) stable. Taking the space of 
cr-fixed points in (2.3) we get the decomposition in (2.2) back. 

Let P + and P~ be the analytic subgroups of Gc corresponding to p + respec- 
tively p~. Similarily we define K c and Kfc. By a well known result of Harish- 
Chandra we have G c C P~ K^P + . Hence the image of the Hermitian space G c /K c 
under the embedding 

(2.4) l:G c /K c ^G c /K c \P+, gK c -> gK c c P+ 

is contained in P~ KcP + ■ As P~ n K C P + = {1}, it follows that we can realize 
G c /K c in P~ and hence, as exp| p - : p~ — > P~ is a analytic diffeomorphism, also 
in p~. We write V = (exp Ip-)' 1 (l(G c /K c )). Then V C p" is a bounded sym- 
metric domain. Notice that K^P + n G = P max . We get therefore a G-equivariant 
embedding of flag manifolds 

G/P max — G C C /K C C P+ . 

Furthermore 

(2.5) (G c KcP + ) a = HP m , x . 

By (2.4) it follows that a induces an anti-holomorphic involution on T>. Write 
il := {X e V: <t(X) = X} C n~. Using that i intertwines with a, we obtain from 
(2.5) that 



(2.6) 



ft ~ H/H n K 
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and 

(2.7) HP max = exp(Q)P maJC . 

As V is convex, the same then holds for Q. More precisely we have (Herman's 
convexity theorem) 

(2.8) n= {A en": ||ad(X + r(X))|| < l} . 

Here || • || stands for the operator norm related to the inner product (A, Y) = 
-tr(ad(A)ad(0(F)) on g. 

Example 2.1. Assume that G is complex. Then G/H = H c /H where H is of 
Hermitian type. In this case O = T>h with T>h the Harish- Chandra realization of 
the Hermitian symmetric space H/H n K. 

Example 2.2. (Main example continued) We continue our discussion of 
the NCC space G/H — Sl(n, R)/ SO(p, q) from Example 1.9. From now on we will 
always assume that p < q. 

Let a be the space of diagonal matrices 

a= |diag(ti,... ,t n ): tj el, Y^tj = oj . 

Then a is maximal abelian in p D q and it is clear that a is also maximal abelian in 
p and q. The root system A is of type A„_i and is given by A = {ek — £i ■ k ^= 1} 
where Sj € a* is defined by 

£j(diag(ti, . . . ,t n )) = tj . 

We choose A+ = {ei —ey.i < j} as a positive system. Let Eij = (SkiSij) € 
M(n x n, K). In this notation the root spaces are given by 

Furthermore by the definition of To in (1.1) we obtain that 

A+ = {e k - ei : 1 < k < p, p + 1 < I < n} . 
Using that A" = -A+ and n" = 9(n+) = {X f : X e n+} we get: 

n+ = (fj xp n A ):AeM(px q ,R)\cM(qxp,m 

and 

n " = {(V o q z) :BeM(qxp > R) } • 

Define elementary matrices in M(q x p, R) by Fij — (SkiSij). Then we obtain a 
vector space isomorphism 

rT ~ M(q x p, R) . 

by linear extension of the basis vectors assignments E i+p j <-> for 1 < i < q and 
1 < 3 < P- Using this identification we have that p~ ~ M(q x p, C) and 

V = {X e M (g x p, C) : l pxp - X* X » 0} 
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and so by taking real points (i.e. er-fixed points) we get 

(2.9) !l={le M(q x p, R) : l pxp - X*X » 0} . 

3. The fine convex structure of f2 ~ H/H n K 

The proof of the product formula for the c-functions depends on the fine convex 
geometry of which we discuss in this section. The problem we face here is that 
the 7V~-part of i/P max n NP ma ^ = exp(0)P max is not all of N~. Hence the rank 
one reduction depends on the understanding of the the projection and intersection 
of ft onto subspaces corresponding to rank one subspaces corresponding to each 
positive root. The results are taken from [16]. 

Define a convex cone in a by 

"-max — 

{lea:(Vtt£ A+) a(X) > 0} . 
Then it follows readily from 2.8 that 
(3.1) (VXec max ) e adx (fi)Cft. 

This fact is closely related to the definition of the compression semigroup of O and 
the more geometric definition of causal symmetric spaces using cones (cf. Section 
1). Later, in Section 5 when we will discuss spherical functions, we will entirely 
adopt this more geometric point view. 
For all a G A~ we let 

Pa ■ n~ -> g a 

denote the projection along ® 3eA - fl' 3 - As mentioned earlier m = 3t(a) = 3t,(a). 

Hence N H (a) C N K (a) and so 

Wo : = Nhhk/M = N H (a)/Z H (a) . 

The group Wo is called the little Weyl group. As Ad(fc)T = T for all k e H n K 
it follows that H n K normalizes n _ . In particular w(A~) = for all w S Wo- 

Theorem 3.1. [16, Th. II.5] Let a e A~. Then 

p a (Q) C . 

Proof. A proof of Theorem 3.1 in full generality requires a fair amount of 
advanced structure theory which is beyond the scope of this exposition. Here we 
restrict ourselves for giving a proof for our basic example Sl(n, R)/ SO(p, q). The 
proof given below contains the idea of the general proof in [16]. 

Recall the facts and notations of Example 1.9 and Example 2.2. Let X = 
SaeA~ X a € O with X a G g a . We have to show that X a e for all a e A~. 
Denoting by &k the group of permutations of {1, . . . , k}, then Wo ~ 6 g x6 p where 
the action of a permutation s — (si, s 2 ) is given by 

s(e p+l - ej) = e p+s -i {t) - e s -i {j) , 1 < i < q, 1 < j < p . 

Hence all the roots in A~ are conjugate under the little Weyl group. Thus we only 
have to show that X a e O for a = e p+ i — e p (notice that f2 is invariant under 
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j'Vffnif ( a ))- If q = 1 then there is only one root so there is nothing to prove. We 
can therefore assume that q > 1. Let S — |5r an d define Y G a by 

r = diag(l,... ,1,0,0,-J,... ,-5) 

with (p — l)-times +1 on the diagonal. It is easy to check that Y G c max . Further 
notice that a(Y) = while (3(Y) < for all (3 G A" with (3 ^ a. By (3.1) we get 
that 

X a = lim e tadY {X) G fi, 

t^oo 

concluding the proof of the theorem. □ 

Example 3.2. (Main example continued) For our main example G/H = 
Sl(n,K)/SO(p, q) we use the natural identification n~ ~ M(q xp,R). Let 

X = ^ X ij F ij G n ~ 
l<i< 9 

l<j<p 

with coordinates G M. Recall that X G O if and only if l pX p — X*X » 0. 
Thus if X G O, then Theorem 3.1 implies that x^Fij G fi for all The latter is 
equivalent to 

Ipxp ( x ij P ij) (■^ij-Fij) ^ ^* 
lpxp — x ljFjj » 
'* | %ij | *^ 1 

Thus if X = 1 <*<q x ijFij € then |a;y | < 1 for all i, j. Notice that this is not 

i<j<p 

obvious from (2.9). 

For a G A~ let g(a) be the Lie algebra generated by g a and g~ Q . As r(g a ) = 
9(g a ) = g~ a it follows that g(a) is r and 0-stable. Hence r a : = T\ g r a \ and # a : = 
# | fl ( a ) define involutions on 0(a). It is not hard to see that (g(a),T a ) is a symmetric 
NCC pair of rank one. Write f)(a) = fyCig(a) — g(a) Ta and t(a) = t(~\g(a) = g(a) e °' . 
Let G(a), K(a) be the analytic subgroups of G corresponding to g(a) and 6(a). Set 
H(a) =HnG(a) = G(a) T <* . Finally we let 0(a) ~ H(a)/H(a)nK(a) denote the 
bounded symmetric domain associated to G(a)/H(a). Then we obtain a canonic 
embedding of NCC-spaces 

G(a)/H(a) ^ G/H 
and accordingly an embedding of the real bounded symmetric domain 

The second main result on the fine convex structure of £1 is then: 
Theorem 3.3. [16, Th. II.7] Let a G A". Then 

□ 
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Example 3.4. (Main example continued) Recall from Example 2.2, that 
the roots in A~ are e p+i — ej with 1 < i < q and 1 < j < p. In the notation from 
that example we have 

Cliep+i-Sj) =}-l,l[F i:j . 
Thus Theorem 3.3 means for our main example that 

ClDRFij =] - l,l[Fij 

for all i, j. 

4. The c-functions 

In this section we introduce the c-function associated to the NCC space G/H. 
After recalling its definition and basic properties from [3] we discuss the product 
formula for the c-function as a product of the c-functions corresponding to the 
rank one symmetric spaces G(a)/H(a), a e A+. This formula was established by 
J. Faraut in [2] for all CT spaces and by P. Graczyk in [6] for our main example. 
The general formula was finally obtained in [16]. The exposition here follows the 
geometric approach from [16]; in particular the results of Section 3 will enter in a 
crucial way. 

Let A + be any positive system in A containing A+. Set A~ = — A+ and define 
nilpotent subalgebras of g by in the usual way by 

n = g a and n = g" . 

Then r(n) = 8(n) = n. Write TV and TV for the analytic subgroups of G correspond- 
ing to n and n. 

Recall that HAN is open in G and that the multiplication mapping 

(4.1) HxAxN—>G, {h,a,n)^>han 
is a diffeomorphism onto HAN . Write 

(4.2) HAN 3ih (h H (x),a H (x),n H (x)) e H x Ax N 

for its invere and notice the maps Kr, clh, and nn are analytic. For x € G we also 
introduce the notation x = k(x)a(x)n(x) with k(x) € K, a(x) € A, and n(x) G TV. 

For A e a£ and a e A we adopt the usual convention by setting a x = e A ( loga ). 
Further we define p = | ^ agA+ (dimg Q )o;. 

Fix a Haar measure dn on TV such that Jj^a(n) 2p dn = 1. We have now all 
ingredients to give a first definition of the subject proper of this paper, the c- 
function for G/H: 

Definition 4.1. [3] Let G/H be an NCC space. Then we define the c-function 
of G/H with parameter A G by 

(4.3) c(A) = [_ a H {n)- {x+p ^ dn , 

JNC\HAN 

whenever the integral converges absolutely. We denote by £ the set of A e a£ for 
which c(A) is defined. 

The definition of the c-function is motivated from the theory of spherical func- 
tions of G/H developed in [3] and which we will explain in the next section. 
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Presently what is most disturbing is the seemingly complicated structure of the 
domain of integration N n HAN. Also it is not clear from the definition that 
£ 

Example 4.2. Let us compute the c-function for the rank one NCC spaces 
starting with the simplest case of G = S1(2,R). Here 

sod,.)- ± {».-(ss; zll) 

and 

A={a t =(* Q e ° t ):t€R} . 
In this case A+ = A + and 

N = N+ = {n x =(j ) ^y.xeR^ and N = N~ = |n y = Q : y e 
A simple calculation now shows that 

n~]-i,i[, 

and 

fa b\ _ ( Va 2 - c 2 
aH \c d)~\ l/Va*^ 

Let us identify aj with C by A A ^ ^ ^ ^ . Then 

c(A) = c n (A) = - C a(n y ) x +P 
n J-i 

V-l 



l_y2)(A+l)/2 dl/ 



i r 1 



7T 



-l 



= 1 B /1 -A + l 



7T 



where _B denotes the Beta function. 

For the general rank one case G = SO Q (n + 1, 1)/ SO G (n, 1) a very similar 
calculation applies, carried out in [3]. Here we also have A+ = A + = {a}. We then 
identify aj with C by A <-> (z/2)a. Then p — n. Finally, there exists a constant k 
such that 

c(A)=co(A) = Kj b(|,1-^ 
In particular, it follows that cq extends to a meromorphic function on all of oj. 
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Remark 4.3. The reader familiar with harmonic analysis on Riemannian sym- 
metric spaces G/K will recognize a similarity in the definitions of the c-function of 
G/H with the one for G/K. In fact, replacing H by K in (4.3) gives the definition 
of the c-function for G/K (notice that KAN = G so that A n KAN = N). This 
resemblance is not by coincidence. First of all both c-functions show up as the 
coefficient of the leading term in the assymptotic expansion of spherical functions. 
The spherical function in question can be written as an integral over TV n HAN 
which results in the coefficient beeing an integral over N D HAN. We will discuss 
this in Section 5 (see also [22]). 

A second reason, and more geometric, for this is that the Riemannian symmetric 
spaces and the NCC spaces both belong to the class of symmetric spaces G/H 
which admit open Ad(_ff)-invariant hyperbolic convex subsets in q. This class of 
symmetric spaces (not necessary semisimple) was investigated geometrically in [12] 
and subequently a unified approach to spherical functions was developed in [14,15]. 

Let us now describe the geometry of the domain NnHAN. For that we define 
= A ± n A and set 



< = B a and n " = C 



Then the triangular decomposition (2.1) implies A+ = Aq II A+ as well as n = 
n + x x\q and n = n~ xi tig . Accordingly if we let N ± and N^ be the analytic 
subgroups of G corresponding to n ± , and , then we have 

N = N + >} N+ and ~N = N~ x A ~ . 
The following proposition is well known (cf. [10, Ch. 5]). But because of its 
importance for us we will provide a quick proof. 

Proposition 4.4. We have 

(4.4) N n H AN = exp(ft) AT" . 

PROOF. Let P max = G(0)N + as before. Recall that M = Z K (A) and define 

P min = MAN . 

Then P m ; n is a minimal parabolic subgroup of G contained in the maximal parabolic 
subgroup P max . By (2.7) HP max = cxp(r!)G(0) N+ . As ffP max - HAN we get 

(4.5) N n HAN = N n exp(O)G(0) N+ . 

Let W = N HnK (a)/M be as before the little Weyl group and W = N K (a)/M be 
the big Weyl group. Here we have used that M = Zk(o) = Zh(o). Then we have 
the Bruhat decompositions 

(4.6) G(0) = J J NqwMAN+w- 1 and G = ]J NwMANuj- 1 . 

wew wew 

Combining (4.5) and (4.6) now yields the assertion. □ 

As was observed in [3] the geometric splitting (4.4) of the domain N n HAN 
implies a splitting of the c-function. Define po = |Ea6A + (^ m S a ) a ' Normalize 
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the Haar measure dno on N such that Jjj g a(n ) 2po dn = 1. Then the Haar 
measure dn = dn~odn n on N satisfies J N a(n) 2p dn = 1 

Definition 4.5. For A e we define the partial c-functions 
c (A) = f a H (n )- {x+po) dn 

and 

cn(A) = J aH(n n y {X+p) dn 

whenever the defining integrals converge. We denote by So and £q the domains of 
definition of c and cn, respectively. 

Notice that co(A) is the c-function of the Ricmannian symmetric space G(0) /H<~] 
K and hence explicitely known {Gindikin-Karpelevic formula [5]). From Definition 
4.1, (4.4) and the fact that N~ is G(0)-invariant, one obtains the splitting 

(4.7) (VAef) c(A)=co(A)c n (A) . 

Thus in order to compute c(A) it suffices to compute cq(A). This was accomplished 
by Faraut (cf. [2]) for CT spaces using Jordan algebra techniques in a very intelligent 
way. Later, using a modification of Faraut's method, P. Graczyk computed the c- 
function for our main example Sl(n, R)/ SO(p, q) in [6]. But one of the observations 
in [16] was that it is better to compute c(A) directly without using the splitting 
(4.7). In fact the authors observed that all what was needed to make the Gindikin- 
Karpelevic idea work (cf. [5] and [4] for a particular nice exposition) in the NCC 
setup were the geometric results from Section 3. 

For a e A let H a e [g a ,g^ a ] C a be such that a(H a ) = 2. Set m a = dimg". 

Theorem 4.6. (The product formula for cq) [16, Th. III.5] For the 

c-function cq of the real bounded symmetric domain £1 one has 

£n - {A e a* c : (Va G A+) Re X(H a ) <2-m a } 

and 

t\\ tt d f m a X(H a ) m a \ 
cn(A) = K II Bi— , - + 1) 

where B denotes the Beta function and n is a positive constant only depending on 
(&,t). □ 

Corollary 4.7. The function cq has a meromorphic continuation to all of 
a* c . □ 

Example 4.8. (Main example continued) We write elements A e a£ as 
A = Y^ij=i ^j £ j w hh coordinates Xj e C. Notice that m a = 1 for all a € A. Thus 
for G/H = Sl(n,K)/SO(p,g) we get 

£n = {A e a* c : Re(Xj - X t ) > -1, 1 < i < p, p + 1 < j < n} 



and 



THE C-FUNCTION FOR NCC SYMMETRIC SPACES 



15 



(4.8) c Q (X) = n J] B (\, ^ + \) 

i<i< P \ ' 

p+l<3<n 

Problems 4.9. For the definition of the c-functions one uses special positive 
systems A + which are compatible with the triangular decomposition (2.1). But 
what happens if we allow arbitrary positive systems A + of A? Define N(A + ) to 
be the analytic subgroup corresponding to 

n(A+) =0fl« 

aeA + 

and N(A + ) := 6(N(A + )). Then we can define a c-function c A +(A) by 
c A+ (A) = / a H , A+ (n)-( A +"( A+ » dn 

J N(A+)nHAN(A+) 

where p(A+) and a#. A + ar e defined in the obvious way. Then some natural ques- 
tions are: 

• What is the geometry of 7V(A+) n HAN(A + )7 

• For which A's - if any - does the integral defining c A + (A) converge absolutely. 

• What is the significance of c A +(A) in terms of harmonic analysis on G/H and 
in terms of representation theory? 

• Does a product formula for c A + (A) hold? 

5. Spherical functions on G/H 

In this section we recall a theory of spherical functions for an NCC space 
G/H developed in [3] and [19]. The connection with the previous section is that 
the coefficient of the leading term in the asymptotic expansion of the spherical 
functions is given by the c-function of G/H. The spherical functions introduced 
below will not be be defined on G/H but on an open subset which is homemorphic 
to a hyperbolic cone C C q. In the sequel we will use the more geometric definition 
of NCC spaces through cones (cf. Definition 1.3) 

Recall the definiton of the maximal parabolic subgroup P max = G(0)N of G. 
Write O for the open ff-orbit in the flag manifold G/P max through the origin. From 
our discussion in Section 4 we have 

o ~ h/h r\K ~n . 

We define the compression semigroup S of O by 

S={geG: gOCO} . 
Clearly S is an iJ-bi- invariant semigroup in G contained in HAN = HP maK . From 
(3.1) we obtain exp(c max ) C 5. If S° denotes the interior of S, then we have in 
addition 

. S = HcMCJH (cf. [10, Ch. 5]); 

• C = Ad(i/)c° lax is an Ad(i?)-invariant open hyperbolic convex cone in q which 
contains no affinc lines. Moreover the multiplication mapping 

HxC^S , (h,X)^hexp(X) 



= KIT 



n 



i<i< P 

p+l<i<n 
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is a homeomorphism (cf. [10, Th. 5.2.6]). 

Example 5.1. (Main example continued) Even for G/H = Sl(n, R)/ SO(p, q) 
the cone C forfeits a nice explicit description. However the trace of C in p can be 
described nicely: 

Cnp = {(o b) : Ae M )' B e M fe R ); A ' = A ' B ' = B > tr ( A ) + tr ( fi ) = °' 

minSpcc( J 4) > maxSpec(-B) j. 

Notice that T e C. 

We fix a Haar measure d/i of H. 

Definition 5.2. Let A e o£. Then we define the spherical function with 
spectral parameter A by 

<p> : S*° — > C, sk / a„{sh) x - p dh 
Jh 

whenever the defining integrals exist. 

Remark 5.3. Several comments on the definition of <p\ are appropriate: 

(a) The functions <p\ are only defined on S° and not on the whole symmetric space 
G/H. 

(b) One can show that ip\ is defined if and only if A e £^ (cf. [3, Th. 6.3]). 

(c) All the spherical functions are ff-bi-invariant and, as functions on S°, common 
eigenfunctions of -(G/H), the algebra of G-invariant differential operators on G/H. 

In order to relate the spherical functions with our c-functions we need an inte- 
gration formula whose proof can be found in [18]. Recall that M = Zn(a) = Zk(o) 
is a compact subgroup of H. Then we have a diffeomorphism 

N fl HAN — > H/M, n^h H (n)M. 

Here h H (n) e H is defined by (4.2). 

Write m for a normalized Haar measure on M. Then we choose a Haar measure 
d{hM) on H/M such that 

f f(h) dh= [ [ f(hm) dm d(hM) 

holds for all feL^H). 

Lemma 5.4. We can normalize dh such that 

[ f(hM) d(hM) = [_ f(h H (n)M)a H (n)- 2p dn 

Jh/m Jnhhan 

holds for all f G L 1 (H/M) . □ 

From Lemma 5.5 we now obtain an alternate definition for ip\. 

PROPOSITION 5.5. Let XgSq. Then for all a e S° n A = cxp(c° lax ) one has 

ipx(a) = a x - p [_ a H (ana- 1 )-" +A a H (n)- (A+p) dn . 

J NnHAN 
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Proof. Using Lemma 5.4 we obtain that 



<P\(a)= / a H {ahf- p dh = / a H (ah) x - p d(hM) 
Jh Jh/m 

= [_ a H (ah H (n)) x - p a H (n)- 2p dn 

Jndhan 

= / aH(anaH(n)~ 1 ) x ~ p aH(n)~ 2p dn 

JWnHAN 

= [_ a H (an) x - p a H (n)- ( - x+p) dn 

Jnhhan 

= a p - x [_ a H (ana- 1 ) x - p a H (n)-^+^ dn , 

Jndhan 

as was to be shown. □ 

Denote by ip° x the spherical function 

A(g) = f a(gk ) x - p " dk (. 9 G G(0)) 

for the Riemannian symmetric space G(0)/KP\H. Here po = \ X)a+ TO « a as before 
and dko denotes the normalized Haar measure on K n H . Finally let p + = p — p = 
J2aeA+ m aOi. By Proposition 5.5 we get: 

Lemma 5.6. Let s E S° and A e £ H £ n - Then 

lim e*^- A )( T °)^(exp(tT )s) = c n (A)^_„ + (s) . 

In particular, ip s \ = ipx f or a ^ s € Wo ■ □ 
Define an open Weyl chamber A + C ^4 by 

4+ = {«e4:(Vae A+) a a > l} = {a E A: {Va E A+) a(Iogo) > 0} . 



Notice that A+ <Z S° C\ A. In fact 5° n A = (Uu>ew wA+w- 1 ) . Then we obtain 
from Proposition 5.5: 

Proposition 5.7. Let\E£n- Then 

lim a p ~ x <p\(a) = c(A) . 

a€A+ 

Proof. Notice that lim A + 3a ^ (XJ a(ana^ 1 ) = 1 for all n E N. Thus the asser- 
tion follows from Proposition 5.5 provided we can interchange the limit with the 
integral sign. In fact, one can show that dominated convergence applies and we 
refer to the proof of [3, Th. 6.8] for the technical details. □ 

It was shown in [19] how to obtain from Lemma 5.6 and Proposition 5.7 a 
Harish-Chandra type expansion formula for the spherical function ip\. To be more 
precise let A = No[A+]. Following Harish-Chandra we define for p E A a rational 
function aj 3 A T Al (A) E C by r (A) = 1 and then 

((/i,/i)-2(/i,A))r„(A) = 2 rn a Y,r^-2 ka (X)(v + p-2ka + \,a) . 

aeA+ feeN 
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Then is holomorphic as a function of A in a open dense subset of a£. We say that 
A is generic if is holomorphic in the point A. Furthermore we define functions 
$a on A + by 

$ A ( a ) = a A -"]rryA) a ^ . 

With these notations and supressing further details we then have: 

PROPOSITION 5.8. [19] (Expansion formula) For A e £n generic and a e 
A + we have 

weWo 

□ 

COROLLARY 5.9. Let a e A + . Then the function A i— » (/3a (a) extends to a 
meromorphic function on . □ 

Knowing that <p A extends to a meromorphic function on aj in the parameter 
A it is natural to study the singularities of this function. It is also not clear from 
the above that these meromorphically extended functions can still be defined as 
ii-invariant functions on S°. Both of these problems were addressed in [23] and 
[26]. 

Theorem 5.10. ([23, Cor. 8.2]) Denote by n S2 (A) the numerator o/cq(A). 
Then there exists a Wo-invariant tubular neighborhood U C4 C of S° C\ A such that 

extends to a Wo x Wo-invariant holomorphic function on x U. □ 



6. Spherical highest weight representations 

In the last two remaining sections we discuss the relevance of the c-function 
for representation theory. In this section we will explain the relation of c(A) with 
the formal dimensions of representations of the holomorphic discrete series on the 
c-dual space G c /H. For a fixed choice of A+ the representations of the holomorphic 
discrete series are by definition if-spherical highest weight representations that can 
be realized as discrete summand in L 2 (G/H) (cf. [24]). We will begin our discussion 
with some brief recall on spherical representations and the if-spherical distribution 
vectors. Then we explain the connection between the c-function and the formal 
dimension of spherical representations. 

General facts about spherical representations. 

In this subsection G will denote an arbitrary Lie group, H a symmetric sub- 
group of G, and (n, H) a unitary representation of G. We write H°° and H u for the 
G-modules of smooth respectively analytic vectors. The strong antiduals of Ti°° 
and H u are denoted by H~°° and H^^ and refered to as the G-modules of distri- 
bution respectively hyperfunction vectors of (tt,H). Notice the following sequence 
of G-invariant continuous inclusions 



u u ^ n°° ^ h ^ n-°° ^ nr" . 
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If G is reductive and K < G is a maximal compact subgroup, then Tlx will denote 
the (q, if)-module of if-finite vectors of (n,H). Notice that if (n,H) is irreducible 
then H K Q 

If L is a group and V is an L-modulc, then we denote by V L the space of 
L-fixed vectors on V. Similarily if 1 is a Lie algebra and V is a [ module, then we 
set V 1 = {v e V: (VX G I) Xv = 0}. Finally if V is a vector space, then we denote 
by V* its algebraic antidual. 

Let L < G be a subgroup. Then an irreducible unitary representation (ir, H) of 
G is called L-spherical if 7^ {0}. A nonzero element in (H~") L is called a L- 

spherical hyperfunction vextor and similarly we call a nonzero element in (7i~°°) i 
a L-spherical distribution vector. In general it is easier to work with the L-spherical 
hyperfunction vectors, but the following theorem of Brylinski, van den Ban, and 
Delorme (for a proof see [1]), clarifies the relation between those two notions in our 
case. 

Theorem 6.1. Suppose that G is reductive and H < G is a symmetric sub- 
group, then we have (?i~ u ) H = (H~°°) H . If in addition H is connected, then 

( W -u»)tf = (n-°°) H = {H K )* A . 

□ 

Spherical highest weight modules. 

From now on (tt, Tt) will denote a unitary highest weight representation of 
the Hermitian group G c . Recall that this means that there exists an irreducible 
if c -submodulc V QTL such that 

(HW1) Hk< =U( 3c )V; 

(HW2) p+V = {0}. 

Here U{qc) denotes the universal enveloping algebra of gc- From now on we will also 
assume that (w, 7i) is ii-spherical. This implies in particular that the if c -modulc 
V above is H n if c -spherical. Denote by vo a nontrivial element in V HnK . 

The next step is to show that ii-sphcrical highest weight modules have multi- 
plicity one, i.e. dimc(7i~ w ) ff = 1- This was first done in [24] for the holomorhic 
discrete series, and the general case was done in [9]. The next lemma contains the 
crucial information. 

Lemma 6.2. Let (tt, H) be an H -spherical unitary highest weight representation 
of G c . Then, as a t)-module, Hk<= is a quotient ofU(t)) ®u(tir\t a ) V- 

Proof. Following the proof of Lemma 3.1.1 in [9] we note that 0c — 9c — 
f)C + ac + nc and so U(g c ) — U(\)c)U(ac +nc). It follows from (HW2) and the fact 
that V is a ^-module that (a c + n c )V C V. Thus Hk* = U(t) C )V from which the 
lemma easily follows. □ 

Proposition 6.3. (Multiplicity one) Let (ir,H) be an H -spherical unitary 
highest weight representation of G c . Then dim(7i _w ) ff = 1. 

Proof. We follow the proof of Lemma 3.1.2 in [9]. By Theorem 6.1 it is 
enough to show that dim(HJ f c) 1 ' = 1. According to Lemma 6.2 this will be implied 
by dim[W(()) ®u(t)nt c ) V]*^ = 1. for that write U(\)) + for the subspace of W(f)) 
consisting of elements with zero constant term. Then any ()-invariant functional on 
W(f)) ®u(\)r\t c ) V must necessarily vanish onW([)) + ®u(t)C\t c ) V. Thus up to scalar v 
is given by 
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v(h®v) = ifheU(t)) + 

(6.1) 

v(h ®v) = (vo, v) if h = 1 . 
This proves the proposition. □ 

Write A for the highest weight of the X c -module V. As V is H n K c -spherical 
we have A e a*. In the sequel we write (tt\,H\) and V\ instead of (w, H) and V in 
order to indicate the dependance on A. According to Proposition 6.3 we have 

is one dimensional. For the appropriate normalization of v let v\ be a normalized 
highest weight vector ofH\. As (vo,v\) ^ it follows from (6.1) that (z/, v\) ^ 0. 
We can therefore normalize v by 

(6.2) (Normalization) (v,v\) = 1. 

Remark 6.4. (a) The motivation for the normalization (6.2) comes from the 
group case G = H x H. In this case all 7?-spherical highest weight representations 
of G are of the form (n (g> 7f, H®H) where (7r, W) a highest weight representation of 
H and (7F, TL) is its dual representation. 

Write Bi(H) and B 2 (H) for the spaces of trace class and Hilbert-Schmidt op- 
erators on H. We will identify H&H with B 2 (H). Then B 2 (H)°° C Bi(H) (cf. [8, 
Th. A. 2]) and the conjugate trace 

tr: B 2 {H) co -» C, I^trl 

is a canonically normalized 77-invariant distribution vector. It is easy to see that 
tr satisfies (6.2). 

(b) Unitary spherical highest weight representations are meanwhile quite well un- 
derstood. For more and an almost complete classification let us refer to [13]. 

The next theorem is the main result in this section. It tells us how to obtain v 
from v\. 

Theorem 6.5. [11, Th. 2.16] (Averaging Theorem) Let (tt\,H\) be an 
H -spherical unitary highest weight representation with paramter A satisfying X + p e 
£q. Then we have 

(6.3) / Tr x (h)v x alh = c(A + p)v . 

J H 

Here the left hand side is a convergent TL^ -valued integral. 

Proof. (Sketch) We will not go into the technical details of the convergence 
of the left hand side (LHS) in (6.3) and refer to the proof of [11, Th. 2.16] instead. 
So let us assume that the LHS actually converges. Because of "multiplicity one" 
(cf. Proposition 6.3), the LHS must be a multiple of v. In view of our normalization 
of v, it is hence enough to check that 



/ (TT\(h)vx,vx) dh = c(X + p) 
Jh 
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Using the integration formula from Lemma 5.4 we obtain that (note that v\ is 
M-fixed) 



' (nx(h)vx,v x ) dh= / (n x (h)v x , v x ) d(hM) 

H J HIM 



IH/M 

_ (ir\(h H (n))vx,v x }a(ny 2p dn . 

JNi 



I NnHAN 



As n = ft(n)ajj(n)n/r(n) we get ftjy(n) = na^(n) _1 n for some n e N. Write ir\ 
for the representation of Kg, on V\. Using this and the fact that dir\(X)v\ = for 
all X G n wc obtain for the integrand that 

(nx(h H (n))vx,v x ) = (nX (a H (n _1 ))i;A, V\) = a H (n)~ x . 

Finally we get 

/ (nx{h)v x ,vx) dh= [_ a H (n)- iX+2p) dn = c(\ + p) , 

JH J NnHAN 

as was to be shown. □ 

Remark 6.6. (Formal dimension) Theorem 6.5 features many applications. 
One of them is the determination of the formal dimension of a representation 
(irx,7~(-x) of the holomorphic discrete series on G c /H. For such a representation 
we have a G c -equivariant embedding 

n oo ^ C oo (G c /H)j v _ fv . fv{gH) = {7Tx{g -l )Vj v) 

which extends to a continuous G-equivariant map Hx — > L 2 (G C /H) satisfying 
(6-4) (Vv,weHx) ^j(v,w)=(fv,fw). 

Here d(X) > is a positive number refered to as the formal dimension. Then one 
can essentially deduce from (6.3) the formula 

(6-5) d(A) = c G/H (X + p H ) c Gc/g (A + pc)" 1 

(cf. [11, Th. 3.6, Th. 4.15, Cor. 4.16]). In (6.5) the functions c G/H and c Gc/G stand 
for the c-functions of the NCC spaces G/H and Gc/G (cf. Example 1.8); further 
p H and p G refer ro the different p's of the NCC pairs (q, fj) and (gcj f)c)- 
In the group case G = H x H the formula (6.4) simplifies to 

(6.5) d(X)^c Hc/H (X + p)- 1 

and Harish-Chandra's formula for the formal dimension for the holomorphic discrete 
series on G/H ~ H (cf. [7]) 

(6-6) d(X) = n 

becomes a special case of the product formula in Theorem 4.6 and the Gindikin- 
Karpelevic formula. 
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7. Spherical characters of spherical highest weight representations 

In this section we will give another application of the Averaging Theorem 6.5. 
We relate the //-spherical distribution vector v to the spherical function (p\+ p and 
the normalizing factor turns out to be exactly the c-function. Combined with 
the expansion formula in Proposition 5.8 this gives a generalization of the Harish- 
Chandra character formula for the holomorphic discrete series on a compact Weyl 
chamber. For a different approach for the character formula using the Hardy space 
realization of the spherical highest weight rcpresenation in the holomorphic discrete 
series see [20,21]. 

Throughout this section (ir\, H\) denotes an //-spherical unitary highest weight 
representation of G c . The corresponding spherical character is given by 

9 X : C™(G C /H) C, / ~ (tt a (./>, v) = {( f{gH)n{g)u dgH, v) . 

Jg c /h 

It is a general fact that 9\ defines an //-invariant distribution on G c /H. 

For the group case a deep result of Harish-Chandra asserts that 9\ is given by 
a locally integrable function. For general symmetric spaces this G/H this becomes 
unfortuntately false. For a nice formula for 9\ one needs to extend 9\ to a holomor- 
phic function in a complex domain in Gel He, i.e., concider 9\ as a hyperfunction. 

In this section we will therefore give a short discussion of the analytic continu- 
ation of 9\ along H exp(ia)H/H in G c /H. Firstly, it follows from a beautiful result 
of Olshanski and Stanton that the representation ir\ can be analytically contin- 
ued to a representation of the open semigroup S° — H exp(c^ ax )7/ (cf. [25], [27]). 
Moreover, by a result of K.-H. Neeb [17], the operators 7r A (s) for s <E S° are all of 
trace class and by [14, Appendix] we have 

(7.1) (Vs g S°) ttx(s)H^ C HI . 

From this it follows that 

e A :S°^C, S ~<7r A (s)^) 

defines an //-invariant analytic function on 5°. We call the parameter A regular if 
Hx.jc is isomorphic to U(gc) ( 8 ) w(t e +p+) V\ as flc- m °dule. Notice that A is regular 
for all parameters belonging to the holomorphic discrete series (cf. [13, Th. A.l]). 

Theorem 7.1. (Spherical Character formula). Let {ir\,H\) be an H- 
spherical unitary highest weight representation of G c with regular parameter A. 
Then we have 

Proof. We reproduce the proof from [11, Th. 5.4] for all A with A + p e £q. 
The analytic continuation to all regular parameters was established in [9, Th. 4.1.2] 
using results from [19]. So let us assume that A + p e £q. Then it follows from 
Theorem 6.5 that 
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2:5 



A (s) = (n\(s)v, v) 
1 



c(A + p) J H 
1 



\K\(sh)v x ,is) dh 
an(sh) x dh 



C (A + p) J H 
c(X + p) 

as was to be shown. □ 
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